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1 About First-Year Calculus

1.1 What math will I need in university?

The answer to this depends on what you are taking, and you should check with
the university or universities that you are thinking of attending. As a general
rule, however, if you are planning to get a degree in science, you will probably
need one or more courses in calculus (some universities permit programming or
statistics instead in some cases). If you are taking courses in the social sciences or
life sciences, you will probably need one or more courses in statistics; and degrees
in physics, engineering, astronomy, mathematics, or computing science (and some



by x = 1/2at2. Given such an expression, calculus allows us to find expressions for
the integral and derivative of the function, when they exist.

1.3 Why is calculus important?

In the sciences, many processes involving change, or related variables, are studied.
If these variables are linked in a way that involves chance, and significant random
variation, statistics is one of the main tools used to study the connections. But, in
cases where a deterministic model is at least a good approximation, calculus is a
powerful tool to study the ways in which the variables interact. Situations involving
rates of change over time, or rates of change from place to place, are particularly
important examples.

Physics, astronomy, mathematics, and engineering make particularly heavy use
of calculus; it is difficult to see how any of those disciplines could exist in anything
like its modern form without calculus. However, biology, chemistry, economics,
computing science, and other sciences use calculus too. Many faculties of science
therefore require a calculus course from all their students; in other cases you may
be able to choose between, say, calculus, statistics, and computer programming.

It should be understood that there is more to mathematics than calculus. Lin-
ear algebra, probability, geometry, and combinatorics are just some of the other
branches of mathematics, introduced in schools, that are important at the unver-
sity level. And problem-solving skills, which cut across all branches of mathematics,
allow the mathematics to be applied to other subjects.



1.5 What is taking university calculus like?

You will probably find that university calculus is faster-paced than your high-school
courses. At most universities the lecture sections will be bigger — possibly over a
hundred students — and the professor will not be able to slow the class to the pace
of the slowest students. You — and you alone — will be responsible for handing
work in on time, and for being present for classes, tests, and exams.

This is not a course that can be passed by just memorizing everything; you have
to understand it. This won’t happen instantly, and the instructor cannot make it
happen; you have to do that yourself, and be an active participant in the course. If
you make this effort consistently through the term, you will find that it pays off.

The course material consists of a rather small number of big ideas, and a mod-
erate number of formulae you will need to know, not hundreds of short cuts and



center person, etc.) what it is that you don’t understand. (“Everything” is not
helpful.) On the other hand, do not go along demanding that the instructor
tell you how to answer Question 6.11 and refusing to listen to any explanation
of why it’s done that way.

• Finally, your knowledge will be tested on quizzes, midterms, or final
examinations. The exams will probably make up the majority of your grade.
If you have handed in copied, half-understood assignments, you will lose more
marks at exam time than you gained in the short term. But if you kept
up with the lectures and assignments, making sure you understood each bit
before going on, you will probably do well.

If you find yourself falling behind, you will have to catch up. Don’t panic -
catching up is not impossible. There are various resources to help.

• Yourself. If you are falling behind and not putting plenty of time in studying
- say five or six hours outside class per week for each course - the solution
may be as near as your desk and textbook.

• Your textbook contains hundreds of worked examples, and thousands of
problems. Usually, about half of the problems have answers in the back of the
book; and you may be able to buy a study guide that shows the working of
those problems in more detail. You can also get other books such as “Schaum’s
Outline of Calculus” containing more worked problems.

• Your instructor will have office hours during which you can go for help. Try



• Your university or student union may well have workshops on effective study-
ing, effective note-taking, exam nerves, etc. There will also be counselling
available for other problems that might interfere with your study.

1.6 HELP! I have to write a placement test!

Many Atlantic-area universities have found that incoming students are not uni-
formly well-prepared for calculus. Many students are very well prepared, and ready
to start the usual calculus curriculum; but some are not. As a result, placement
tests are common, and at some universities, if you do not pass the placement test,
you will be required to take a remedial course covering important material from
the high school curriculum before you can take calculus. At other universities
you may just be advised to take the remedial course, or allowed into a slow-moving
section that takes two semesters to cover the first semester’s material.

This is to stop students from starting calculus without adequate preparation
and then falling behind and failing. Experience has shown that most students who
start calculus without adequate preparation do fail.

The test is often multiple-choice so that it can be graded as quickly as possible. It
will generally be closed-book and written without a calculator (see the next section).
Because success in first-year calculus requires a fairly high level of preparation, and
because the test covers some very elementary (but important) material, the pass
mark may be higher than 50%. You will probably have to write the test at or before
the beginning of term; find out ahead of time what the rules are at the university
you plan to attend.

Some sample questions for one such placement test may be found at
http://conway.math.unb.ca/Placement/. Some harder questions, to help you
see if you’re really ready, are at
http://www.math.unb.ca/ready/exercise.html.

1.7 HELP! They want to take my calculator away!

In some first-year calculus courses, calculators are not permitted. To be exact, they
do not permit them in the pretest, tests, or exams; you can certainly have one in the
lecture if you want, or use one for your homework. In other introductory calculus
courses, calculators or computers are used intensively to explore the behaviour of
functions. You should find out the policy at the university you plan to attend!
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• If your calculus course has a no-calculator policy, the questions will be de-



2 Ordering information

Getting a copy free

Please note, this is the truly cool way to get this booklet (and saves us time).



3 The Math You’ll Need

In this section, we present over 175 questions that cover the absolute minimum
of mathematical skills that you will need for university calculus. We give worked
answers for a few; the answers to the rest are in the back of the booklet.

There are important topics in high school mathematics that are not covered here,
and there may even be some things you’ll need for calculus that we have missed.
A good student should be able to answer significantly more challenging problems
than these. However, if you understand all of this material, you will be reasonably
well prepared for calculus.

3.1 Arithmetic

You should be able to do basic arithmetic without a calculator, including opera-
tions on fractions, negative numbers, and decimals. You should be able to compute
simple powers and roots. This material, which is from the elementary and junior
high school curriculum, is fundamental for everything that follows. Also, many
arithmetic problems are really “algebra with numbers”.

Examples:

1. Find
1
3

+
2
5

.

Solution: To add (or subtract) fractions, you must first find a common
denominator:

1
3

+
2
5

=
1 · 5
3 · 5

+
2 · 3
5 · 3

=
5
15

+
6
15

=
11
15

2. Convert 1.



Problems: (answers on page 40)

1. Find
2
3

+
3
5

2. Find
3
4
− 1

5

3. Find
1
3
× 6

5
in lowest terms.

4. Convert 3.125 to a fraction in lowest terms.

5. Convert 37/25 to a decimal.

6. Convert 17/10 to a decimal.

7. Find 0.0001× 0.01/0.001

8. Find 1.23× 0.1

9. Find 1.005 + 9.995

10. Find 1 − (−2)

11. Find
√

64

12. Find 203/205 as a decimal.
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3.2 Basic Algebra

As observed above, basic algebra is closely related to arithmetic, and many of its
rules are familiar as “rules of arithmetic”. You should be aware that a × b may be
written as ab.

You should know the basic rules for addition, subtraction, multiplication, di-
vision, and exponents, and be aware of the operations such as division by 0 and
taking the square root of a negative number that cannot be done within the real
number system.

You should know how to solve a simple equation, simplify an algebraic expres-
sion, and evaluate an expression by plugging values into it. All of these will be very
important when you take calculus.

Examples:

1. Simplify
a7b3

a4b4
.

Solution: By basic rules of exponents

a7b3

a4b4
= a7−4b3−4 = a3b−1 =

a3

b

2. Solve ax + 4 = 2x− a for x when a = 5.
Solution: Substituting a = 5 and adding, subtracting and dividing like
quantities on both sides of the equation we reduce to an equation which is its
own solution:

5x + 4 = 2x− 5
5x + 4 − 2x = 2x− 5 − 2x

3x + 4 − 4 = −5 − 4

3x

(
1
3

)
= −9

(
1
3

)

x = −3

so x = −3.
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Problems: (answers on page 40)

1. Simplify (a4/a2)2

2. Simplify abc− acb + acd − ace, factoring if possible .

3. Simplify
y
x + x

2
x

.

4. Simplify (a2 + a3 + a4)/a, factoring if possible.

5. Solve 3x + 2 = x + 2 for x.

6. If x = 5 and y = 7, find x2 − xy + 3y.

7. Simplify
a2 − (−a2)

a2

8. If a = 5 and b = 2, find a − b2 + 2ab

9. Solve x5 + 2x + 3 = x5 − x.

10. If x = 3 and xy = 1, find y.

11. Simplify (a2/a−2)(b−2/b2).

12. Solve a + x + 2 = a − x + 4.
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3.3 Inequalities and absolute values

You should be able to solve simple inequalities and perform algebraic operations
with them. In particular, you should know which operations reverse inequalities
and which ones preserve them. You should understand interval notation, including
open, closed, and half-open intervals, and intervals with limits at ∞. You should
know how to compute an absolute value, and to do simple algebra using the abso-
lute value function.

Examples:

1. Solve
7



Problems: (answers on page 40)

1. If y > x, x ≥ w, and





Problems: (answers on page 40)

1. If f(x) = 1/x, find the largest possible domain (within the real numbers) on
which f could be defined.

2. If f(x) = 1/(x + 1), find the domain of f .

3. If g(x) = x2 + 2, find g(1 + x)

4. If f(x) = x2, find the range of f .

5. Find the domain and range of f(x) =
|x|
x

6. If f(x) =
1

x + 1
, find (a) f(x2); (b) f(−2); (c)f(

√
x).

7. If f(x) = 1/x and g(x) = x2, find f(g(a)).

8. If f(x) = 1/x and g(x) = x2, find g(f(2)).

9. If f(x) = 1/(x + 1), find f(f(x))

10. If f(x) = x−3, find the inverse function.

11. Which of the following functions is its own inverse:

(a) f(x) = x2, (b) g(x) = −x, (c)h(x) = x
(d) each of f ,g and h (e) g and h only

12. Which of the following functions has an inverse function?

(a) f(x) = x3, (b) g(x) = x5, (c)h(x) = x
(d) each of f ,g and h (e) g and h only

13. Finds the inverse of f(x) =
x + 1
2x + 1

.
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3.5 Polynomials

You should know how to add, subtract, multiply, divide, and factor polynomials.
You should know special forms such as the difference of powers. You should un-
derstand the connection between roots and factorizations, and be able to solve a



Problems: (answers on page 40)

1. Solve: x2 − 5x + 3 = 0.

2. Factorize 2x2 + 5x + 2.

3. Put x2 + 2x + 2 in completed square form, and graph it.

4. Simplify: (x2 + 3)(x2 + a) − x4.

5. If we divide x4 + x3 + x2 + x + 1 by x + 1, what is the remainder?

6. Expand: (x + 2)4.

7. Expand and simplify:
(x + 1)3 − (x − 1)3

x

8. Expand and simplify:
(x + 1)3 + (x − 1)3

x

9. Expand: (x2 − 1)(x2 − x + 1)

10. How many real solutions does x4 − 5x2 + 6 = 0 have?

11. Factorize: x4 − 13x2 + 36 = 0
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3.6 Algebra with Fractions

You should be able to simplify a fractional expression, convert a “stacked” fractional
expression into a simple one, put fractional expressions over a common denomina-
tor, and perform a partial fraction expansion. These skills will be useful in finding
various derivatives, simplifying derivatives and integrals, and in particular for the
“partial fractions” technique of integration.

Examples:

1. Simplify
(x − 1)2 + 4x

x + 1
.

Solution:
(x − 1)2 + 4x

x + 1
=

x2 − 2x + 1 + 4x

x + 1
=

x2 + 2x + 1
x + 1

= x + 1.

2. Simplify
x−1
x+2

− x−2
x+1

x
.

Solution:
x−1
x+2 − x−2

x+1

x
=

(x−1)(x+1) − (x−2)(x+2)
(x+1)(x+2)

x
=

(x2 − 1) − (x2 − 4)
x(x + 1)(x + 2)

=

3
x(x + 1)(x + 2)

.

3. Expand
x2 + 1
x2 − 1

in partial fractions.

Solution:
x2 + 1
x2 − 1

= 1 +
2

x2 − 1
= 1 +

2
(x + 1)(x − 1)

.

We want to write this as 1+ A
x+1

+ B
x−1

for suitable A, B. Putting the fractions
over a common denominator, we have A(x−1)+B(x+1) = 0x+2; so A = −1,
B = 1, and

x2 + 1
x2 − 1

= 1 − 1
x + 1

+
1

x − 1
.

.
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Problems: (answers on page 40)

1. Simplify
1

x + 1
− 1

x − 1
.

2. Write x + 1 + 1/x + 1/x2 in the form P (x)/Q(x) where P,Q are polynomials.

3. Simplify
x + 1
x + 3

−



3.7 Rationalizing numerators or denominators

You should know how to eliminate square (and other) roots from the numerator or
denominator of a fraction by multiplying both the numerator and denominator by
an appropriate expression. This technique will be important in finding the deriva-
tives of certain expressions involving roots.

Examples:

1. Rationalize the denominator of
1√
a

Solution: By multiplying both numerator and denominator by
√

a we
obtain

1√
a

=
1√
a

√
a√
a

=
√

a

a

2. Rationalize the denominator of
1 +

√
x

2 +
√

x
Solution: Recall, when we multiply (a + b)(a − b) we obtain a difference
of squares a2 − b2. So, if the denominator of a rational expression contains
a constant added to a square root term, we can eliminate the root term by
multiplying by the difference of the constant and the root term. In this case
if we were to multiply both the numerator and the denominator by 2 −

√
x

we will obtain the desired result.
1 +



Problems: (answers on page 40)

1. Rationalize the denominator of
x + 1√

x

2. Rationalize the denominator of
a

√
a

3
√

b

3. Rationalize the denominator of
1√

x +
√

y

4. Rationalize the denominator of
a −

√
x

b −
√

x

5. Rationalize the denominator of
1

1 + x1/3 + x2/3

6. Rationalize the numerator of
√

x +
√

y

x

7. Rationalize the numerator of
a −

√
x

b −
√

x

8. Rationalize the numerator of
√

x + 1 −
√

x

x

9. Rationalize the numerator of
3
√

y + h − 3
√

y

h
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3.8 Linear Graphs

You should be able to graph linear functions and inequalities, determine the slope



Problems: (answers on page 40)

1. Find the slope of the line 2y = x − 2

2. Give the equation of a line with slope 3, through (0, 0).

3. If a line has slope 3/2 and passes through (2, 2), give its equation.

4. Find the distance from the point (0, 3) to the point (3, 0)

5. Find the slope of the line through the points (0, 3) and (3, 0).

6. Find the point of intersection of the lines y = 5 − x and y = 2x + 2

7. Find the equation of the line with slope −1/2 and y-intercept 3

8. Find the slope of a line orthogonal to the line y = 3x + 5.

9. Find the equation of the line through (3, 2) and (1, 0)

10. Which inequality is this the graph of?

0

1

-1
-1 1

(a) y > 2 (b) x > y + 2 (c) x < y + 2 (d) x > 2 (e) x + y > 2

11. Which of these lines is parallel to 2y = 6x− 1?

(a) 2y = 5x− 1 (b) y = 6x + 1 (c) y = 3x + 1
(a) 2y = 3x + 2 (a) 2y = −6x + 1

12. Which of these lines is orthogonal to y = 3x − 1?
(a) y = −3x − 1 (b) y = −x/3 + 1 (c) y = x/3 + 1
(d) 3x = y + 2 (e) y = 1 − 3x
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Solution: (f). Graph B does not have a unique y value for every x, and the





Problems: (answers on page 40)

1. Simplify
√

x × x2

1/x2

2. If a3/2a−2 3
√

a = ab, what is b?

3. Solve: 4x2x = 64.

4. Solve: 40 + 2x = 9.

5. Find
(

1√
16

)1/2

6. If a4 = b8, for real numbers a, b, which of the following must hold?
(a) a = b2 (b) a = −b28a



3.11 Logarithms

Logarithms are extremely important in many of the sciences, and it is important to
be able to differentiate and integrate expressions using them. To do that, you have
to be able to manipulate logarithms algebraically.

You should know the definition of logarithms to various bases, their relation to
powers and roots, and the change-of-base formula loga(b) logb(c) = loga(c). While
logarithms appear tricky at first, there are actually not very many things to learn
about them.

Examples:

1. Find log5(125).



Problems: (answers on page 40)

1. Find log10(0.001).

2. Find log2(64) + log3(9)

3. If 3x = 7, which is true?
(a) 7 = logx(3) (b) x



3.12 Geometry and basic trigonometry

Calculus does not use very advanced geometry, but you should be thoroughly fa-
miliar with similar triangles, Pythagoras’ theorem, and parallel lines; and, from
analytic geometry, the midpoint and distance formulae, and the “negative recipro-
cal” rule. Trigonometry is important in various branches of science, but especially
in mathematics, physics, and engineering.

You should be able to convert between degrees and radians (180◦ = π radians).
You should know the definitions of the trig functions, and be able to use them to
find sides and angles of triangles. You should know and be able to use the sine and
cosine laws for triangles.

Most angles do not have trig functions that are easy to give as exact expressions
rather than decimal approximations (and you will not be expected to do so), but
you should know the trig functions of a few common angles, such as 0◦, 30◦, 45◦,
60◦,and 90◦. You should also know how to find the trig functions of angles outside
the range [0◦, 90◦] in terms of trig functions of angles in that range.



Problems:





Problems: (answers on page 40)

1. sin(2x) =
(a) 2 sin(x) (b) sin(x) + cos(x) (c) cos(x) sin(x)
(d) 2 cos(x) − 2 sin(x) (e) 2 cos(x) sin(x)

2. cot(α) cos(α) sin(α) =
(a) cos(α) sin(α) (b) sin2

( α) (c) cos2( α) (d) cos(α) (e) sin(α)

3. tan(α) cot(α) =
(a) sin(α) (b)cos( α) (c) sin2

( α) (d)cos2( α) (e) 1

4. If cos(θ) =
√

(2)/2, then tan(θ) =
(a) 2 (b) 1 (c) 0 (d) 1/2 (e) ±1

5. If tan(θ) = 3, then cot(

θ) =
(a) 3 (b) 1/3 (c) 0 (d) −3 (e) −1/3

6. If sin(γ) = 1/3, sin(−γ) = = θ





Problems: (answers on page 40)

1. If the area of a triangle is 100 cm2 and its base is equal to twice its height,
what is its base? (a) 5 cm (b) 10 cm (c) 20 cm (d) 50 cm (e) 200 cm

2. If the perimeter of a rectangle is 28 meters, and the diagonal is 10 meters,
what is the area?

3. If the perimeter of a rectangle is 26 meters, and the area is 30 square meters,
what is the diagonal?

4. A right triangle has area 30 square meters and perimeter 30 meters. What is
its hypotenuse?

5. If a goat can eat the grass on a lawn in 1 day and a sheep can eat the grass
on the same lawn in 2 days, how long would it take two goats and a sheep
working together? Assume the grass is not growing.
(a) 2/5 of a day (b) 3/8 of a day (c) 1 day (d) 2 days (e) 4days

6. Joe started day trading with a certain amount of money. On the first day he
doubled his money, and on the second day he lost 2/3 of what he had at the
end of the first day. At the end of the second day he had $ 100. How much
did he start with?
(a) $50 (b) $75 (c) $80 (d) $125 (e) $133.33 (f)$150

7. If a puppy weighs a third as much as a dog, and together they weigh 12 kg.,
how much does the puppy weigh?

8. A driver is driving 100 km. She drives the first 50 km at 50 km/hr and the
second 50 km at 150 km/hr. How long does the trip take? (a) 30minutes
(b) 50 minutes (c) 60 minutes (d) 80 minutes (e) 90 minutes

9. The towns of Ayton and Beaton are 60 km apart. At noon, Alice leaves Ayton
and drives to Beaton at 80 km/hr, and Bob leaves Beaton and drives (on his
tractor) to Ayton at 40 km/hr. At what time do they meet?

10. The towns of Ayton and Beaton are 60 km apart. At noon, Alice leaves Ayton
and drives to Beaton at 90 km/hr. If Bob rides from Ayton to Beaton on his
bicycle at 15 km/hr, when must he leave Ayton to get to Beaton at the same
time that Alice does?
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3.14159265358979... Harder Problems

The material earlier in this booklet represents the minimum that you need to know
before you begin university calculus. We hope that it won’t be all that you know!
You should also know something about linear algebra, geometry, statistics, and
other areas of mathematics; you should have experience applying mathematics in
other subjects; and you should be able to write clear explanations of what you
know, and solve problems that require a certain amount of lateral thinking. In
this section, we present some problems intended to challenge the stronger student.
Such students may also want to look for problems in publications such as Crux
Mathematicorum, or compete in mathematics contests.

Answers to these questions are not given.

1. Find all solutions to x



9. Which is larger, 100200 or 200100? Explain your answer.

10. For n = 1, 2, 3, . . . we define n! = n×(n−1)×· · · 3×2×1. (This is pronounced
“n factorial” and is important in combinatorics, probability, and other areas
of math.).
(a) Find n! for n = 3, 4, . . . , 8
(b) How many 0’s does 100! end in?

11. By using Pythagoras’ theorem and elementary geometry, find sin(30◦), sin(45◦),
and sin(60◦).

12. Determine sin(15◦) and sin(75◦).

13. Starting with the sum-of-angles formulae for sines and for cosines, derive the
difference-of-angles formulae, the double-angle formulae, the half-angle for-
mulae, and the formulae for sin(a) cos(b), sin(a) sin(b), and cos(a) cos(b).

14. A rhombus has the edge length equal to its short diagonal. Find the area in
terms of the length of the long diagonal.

15. A river runs straight east and west. A horse and rider are 4km north of the
river. The rider could get to camp by riding 2km south and then 2km west,
but the horse needs to get to the river to drink, too. What is the shortest
distance that the horse and rider must travel to get first to the river and then
to the camp?

16. The decimal expansion of 1/3, 0.333 . . ., repeats with period 1; and that of
1/7, 0.142857142857 . . . repeats with period 6. Find fractions whose deci-
mal expansions repeat with periods 2, 3 and 4. Can you find the smallest
denominators that work?

17. Show (without calculus) that for any positive a, b, we always have

a + b

2
≥

√
ab

.
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Answers to problems:

Section 3.1 (1) 19
15 (2) 11

20 (3) 2
5 (4) 25

8 (5) 1.48 (6) 1.7 (7) 0.001
(8)0.123 (9) 11.0 (10) 3 (11) 8 (12) 0.0025

Section 3.2 (1) a4



Section 3.12 (1) 90◦ (2) e (3) c (4) d (5) a (6) −1/
√

(2) or −0.707 . . .

(7) 45◦ (8)
√

3 (9) 75



Some useful facts:

Algebraic identities
a2 − b2 = (a + b)(a − b) (a + b)2 = a2 + 2ab + b2

a3 − b3 = (a2 + ab + b2)(a − b) a3 + b3 = (a2 − ab + b2)(a + b)
Exponential identities

axbx = (ab)x axay = ax+y

(ab)c = abc a−b = 1/ab = (1/a)b

a
√

ba =
(

a
√

b
)a

= b
a
√

b = b1/a

aloga(b) = b ln(a) = loge(a), e = 2.71828

/ a . .e : ...

�
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